Approximate bound state solutions of the Dirac equation with the Hulthén plus a new generalized ring-shaped (RS) potential are obtained for any arbitrary l-state. The energy eigenvalue equation and the corresponding two-component wave function are calculated by solving the radial and angular wave equations within a recently introduced shortcut of the Nikiforov-Uvarov (NU) method. The solutions of the radial and polar angular parts of the wave function are given in terms of the Jacobi polynomials. We use an exponential approximation in terms of the Hulthén potential parameters to deal with the strong singular centrifugal potential term l(l + 1)r −2 . Under the limiting case, the solution can be easily reduced to the solution of the Schrödinger equation with a new ring-shaped Hulthén potential.
Introduction
The spin or pseudospin (p-spin) symmetry [1, 2] investigated in the framework of the Dirac equation is one of the most interesting phenomena in the relativistic quantum mechanics to explain different aspects for the nucleon spectrum in nuclei. This is mainly studied for the existence of identical bands in superdeformed nuclei in the framework of a Dirac Hamiltonian with attractive scalar S(r) and repulsive vector V (r) potentials [3] . The p-spin symmetry is based on the small energy difference between single-nucleon doublets with different quantum numbers and the Hamiltonian of nucleons moving in the relativistic mean field produced by the interactions between nucleons. The relativistic dynamics are described by using the Dirac equation only [4] .
Recently, Ginocchio [5] found that the p-spin symmetry concept in nuclei occurs when the S(r) and V (r) potentials are nearly equal to each other in magnitude but opposite in sign, i.e., S(r) ≈ V (r), and hence their sum is a constant, i.e., Σ (r) = S(r) + V (r) = C ps . A necessary condition for occurrence of the p-spin symmetry in nuclei is to consider the case Σ (r) = 0 [5 -7] . Further, Meng et al. [8] showed that the p-spin symmetry is exact under the condition of dΣ (r)/ dr = 0. Lisboa et al. [9] studied the generalized harmonic oscillator for spin-1/2 particles under the condition Σ (r) = 0 or ∆(r) = S(r) −V (r) = 0. The Dirac equation has been solved numerically [10, 11] and analytically [4, 12, 13] for nucleons that are moving independently in the relativistic mean field in the presence of the p-spin symmetric scalar and vector potentials. Thus, the exact or approximate analytical solution of the Dirac equation leads to the bound-state energy spectra and spinor wave functions [14 -25] .
Over the past years, the study of exact and approximate solutions of the Schrödinger, Klein-Gordon (KG), and Dirac wave equations with non-central potentials becomes of considerable interest. For example, a new ring-shaped (RS) potential has been introduced [26] plus Coulomb potential [26] , Hulthén potential [27] , modified Kratzer potential [28] , and non-harmonic oscillator potential [29] . Such calcu-lations with this RS potential have found applications in quantum chemistry such as the study of ringshaped molecules like benzene. Furthermore, the shape forms of this potential play an important role when studying the structure of deformed nuclei or the nuclear interactions. Quesne [30] obtained a new RS potential by replacing the Coulomb part of the Hartmann potential [31] by a harmonic oscillator term. Chen [32] exactly obtained an energy spectrum of some non-central separable potential in r and θ using the method of supersymmetric Wentzel-KramersBrillouin (WKB) approximation. Yaşuk et al. [33] obtained general solutions of the Schrödinger equation for a non-central potential by using the NikiforovUvarov (NU) method [34] . Chen et al. [35] studied exact solutions of scattering states of the KG equation with Coulomb potential plus a new RS potential with equal mixture of scalar and vector potentials. Ikhdair and Sever [36] used the polynomial solution to solve a non-central potential. Zhang and Wang [37] studied the KG with equal scalar and vector Makarov potentials by the factorization method. Kerimov [38] studied a non-relativistic quantum scattering problem for a non-central potential which belongs to a class of potentials exhibiting an accidental degeneracy. Berkdemir and Sever [39] investigated the diatomic molecules subject to central potential plus RS potential. Berkdemir and Sever [40] studied the pspin symmetric solution for spin-1/2 particles moving under the effect of the Kratzer potential plus an angle-dependent potential. Yeşiltaş [41] showed that a wide class of non-central potentials can be analyzed via the improved picture of the NU method. Berkdemir and Cheng [42] investigated the problem of relativistic motion of a spin-1/2 particle in an exactly solvable potential consisting of harmonic oscillator potential plus a novel RS dependent potential. Zhang and coworkers [43 -45] obtained the complete solutions of the Schrödinger and Dirac equations with a spherically harmonic oscillatory RS potential. Ikhdair and Sever obtained the exact solutions of the D-dimensional Schrödinger equation with RS pseudo-harmonic potential [46] , modified Kratzer potential [47] , and the D-dimensional KG equation with ring-shaped pseudoharmonic potential [48] . Hamzavi et al. found the exact solutions of the Dirac equation with Hartmann potential [49] and RS pseudo-harmonic oscillatory potential [50] by using the NU method. Many authors have also studied a few non-central potentials within the supersymmetric quantum mechanics and point canonical transformations [51 -53] .
The aim of this work is to investigate analytically the bound-state solutions of the Dirac equation with non-central Hulthén potential plus a new generalized RS potential with extra additional parameter α from the RS potential being used in [31] . Therefore, we consider a non-central potential of the type V ( r) = V H (r) + 1 r 2 V RS (θ ), consisting of two parts:
where V H (r) is the Hulthén potential in which V 0 , δ , and a are the potential depth, the screening parameter, and the range of the Hulthén potential, respectively. Further, V RS (θ ) is a new RS potential identical to the RS part of the Hartmann potential [26] .
Here α = −pσ 2 η 2 a 2 0 ε 0 and β = −pσ 2 η 2 a 2 0 ε 0 , where a 0 =h 2 /me 2 and ε 0 = −me 4 /2h 2 represent the Bohr radius and the ground-state energy of the hydrogen atom, respectively. Further, η, σ , and p are three dimensionless parameters. Generally speaking, η and σ vary from about 1 up to 10, and p is a real parameter with its value taken as 1. At first, to show the shape of the potential (1), we plotted it in Figure 1 by taking the following parameter values: V 0 = 0.1 fm −1 , δ = 0.1, α = 1, and β = 10. Secondly, in our solution, we will use a powerful shortcut of the NU method [34] that has proven its efficiency and easily handling in the treatment of problems with second-order differential equations of the type y +(τ/σ )y +(σ /σ 2 )y = 0 which are usually encountered in physics such as the radial and angular parts of the Schrödinger, KG, and Dirac equations [46 -50] .
This paper is organized as follows. In Section 2, we present the Dirac equation for the generalized RS Hulthén potential. Section 3 is devoted to derive the approximate bound-state energy eigenvalue equation and the associated two-components of the wave function consisting from radial and angular parts within a shortcut of the NU method. In Section 4, we present the non-relativistic limits for the RS Hulthén potential and the Hulthén potential. We end with our concluding remarks in Section 5.
Dirac Equation for Scalar and Vector Hulthén Plus New Ring-Shaped Potential
The Dirac equation for a particle of mass M moving in the field of a non-central attractive scalar potential S( r) and repulsive vector potential V ( r) (in the relativistic unitsh = c = 1) takes the form [54] (2) where E is the relativistic energy of the system and p = −i ∇ is the three-dimensional (3D) momentum operator. Further, α and β represent the 4 × 4 Dirac matrices given by
which are expressed in terms of the three 2 × 2 Pauli matrices
and I is the 2 × 2 unitary matrix. In addition, the Dirac wave function ψ( r) can be expressed in Pauli-Dirac representation as
Now, inserting (3) to (5) into (2) give
where the sum and difference potentials are defined by
respectively. For a limiting case when S( r) = V ( r), then Σ ( r) = 2V ( r) and ∆( r) = 0, (6a) and (6b) become
respectively, where E = −M, which means that only the positive energy states do exist for a finite lowercomponent χ( r) of the wave function. Combining (8b) into (8a) and inserting the potential (1), one can obtain
where
and
Inserting (10) and (11) into (9) and making a separation of variables, we finally arrive at the following sets of second-order differential equations:
where m 2 and λ = l(l + 1) are two separation constants with l being the rotational angular momentum quantum number. The solution of (12c) is periodic and must satisfy the periodic boundary condition, that is,
which in turn gives the solution
The solutions of the radial part (12a) and polar angular part (12b) equations will be studied in the following section.
Solutions of the Radial and Polar Angular Parts

Solution of the Angular Part
To obtain the energy eigenvalues and wave functions of the polar angular part of Dirac equation (12b), we make an appropriate change of variables, z = cos 2 θ (or z = sin 2 θ ), to reduce it as
where the boundary conditions require that Θ l (z = 0) = 0 and Θ l (z = 1) = 0. The solution of (13) can be easily found by using a shortcut of the NU method presented in Appendix A. Now, in comparing the above equation with (A.2), we can identify the following constants:
The remaining constants are thus calculated via (A.5) as
We use the energy relation (A.10) and the parametric coefficients given by (15) and (16) to obtain a relationship between the separation constant λ and the new non-negative angular integerñ as
Once the RS part of the potential (1) being disappeared after setting α = β = 0 or simply letting the angular part V RS (θ ) = 0, we can obtain l = 2ñ + |m| + 1, m = 0, 1, 2, . . .. Hence, the angular part V RS (θ ) has singularities at angles θ = Pπ (P = 0, 1, 2, 3, . . .) as well as at very small and very large values of r. Let us find the corresponding polar angular part of the wave function. We obtain the weight function via (A.11) as
which leads to the first part of the angular wave function through (A.13) being expressed in terms of the Jacobi polynomial as
The second part of the angular wave function can be obtained via (A.12) as
and therefore the angular part of the wave function can be obtained via (A.14); namely, Θ l (z) = ϕ(z)yñ(z) as
where Añ is the normalization factor. When the RS part of potential (1) is being set to zero, i.e., α = β = 0, then
Solution of the Radial Part
We will consider the energy eigenvalue equation and the wave function of the radial part of the Dirac equation with Hulthén potential. The exact solution is not handy due to the existence of the centrifugal term λ /r 2 in (12a). Therefore, an approximate analytical solution has been done as
where d 0 is a dimensioless constant, d 0 = 1/12 [55 -64] . With the approximation (22) and the change of variables s = e −νr , the radial equation (12a) becomes
with
Comparing (23) with its counterpart hypergeometric equation (A.2), we identify values of the following constants:
and the remaining constants are calculated via (A.5) as
Hence, the energy eigenvalue equation can be obtained via the relation (A.10) and values of constants given by (24) -(26) after lengthy but straightforward manipulations as
or alternatively
wherem is given in (17c). We need to solve (27) numerically taking the following values of the parameters for the Hulthén potential: [55 -58] . As shown in Table 1 , (27) admits two negatively attractive bound-state energy solutions corresponding to the particle and its antiparticle. We have also shown these two solutions by studying the Hulthén plus a new ring-shaped potential and the Hulthén potential cases. As seen, the existence or absence of the RS potential has no much effects on the energy states of the Hulthén particles with a very narrow band spectrum. However, the existence of the RS potential has a strong effect on the energy spectrum of the antiparticles as they change from attractive to repulsive for some states with a very wide band spectrum. Further, both particle and antiparticle are trapped by the Hulthén field as the ring-shaped potential is existing or disappearing.
To sharpen our analysis, we have also drawn the behaviour of the bound-state energy with the potential depth V 0 and the screening parameter δ for the Hulthén potential and the RS Hulthén potential as shown in Figures 2 -5 .
The variation of the energy with V 0 for the RS Hulthén potential and Hulthén potential plotted in Figures 2 and 4 , respectively, shows that energy becomes more negative (strongly attractive) as V 0 is increasing. Both particle and antiparticle are trapped by the Hulthén field. On the other hand, the variation of the energy with δ for the RS Hulthén potential and Hulthén potential plotted in Figures 3 and 5 , respectively, indicates that energy becomes less negative (weakly attractive) as δ is increasing.
Let us find the corresponding radial part of the wave function. We find the weight function via (A.11) as Hence, with (28), the first part of the radial wave function can be obtained by means of the relation (A.13) in terms of the Jacobi polynomials as
We have used the definition of the Jacobi polynomials given by [59 -64] 
The second part of the radial wave function can be obtained via (A.12) as
and thus the radial part of the wave function, U nl (s) = ϕ(s)y n (s), is
where the normalization constant A nl has been calculated in Appendix B. Finally, combining (14) , (21) , and (32), the total upper-component of the wave function (11) becomes
where m = 0, 1, 2, . . ., n = 0, 1, 2, . . ., and recalling that The lower-component of the wave function (5) can be found by means of (8b) as
To avoid the repetition, its worthy to note that in the case of exact p-spin symmetry when
, we found that it is necessary to perform the following mappings of (8a) and (8b) as [65] :
so to obtain the solution of the present case.
The Non-Relativistic Limit
Here, we consider the non-relativistic solutions for the new generalized ring-shaped Hulthén potential and the Hulthén potential:
A New Generalized Ring-Shaped Hulthén Potential Case
In finding the non-relativistic solution, we let E − M ≈ E nl and E + M ≈ 2µ. Hence, the bound state energy formula can be easily obtained via (27) as where l and N are given by
where m = 0, 1, 2, . . . andñ = 0, 1, 2, . . . Further, the non-relativistic wave function can be found by using (24) and (33) as
Hulthén Potential Case
Letting α = β = 0, (36) and (38) become
which is identical to [66] and the wave function is written as
where ε is given in (39).
Concluding Remarks
In this work, we have investigated the approximate bound state solutions of the Dirac equation with the Hulthén plus a new RS potential for any orbital l quantum numbers. By making an appropriate approximation to deal with the centrifugal term, we have obtained the energy eigenvalue equation and the normalized two spinor components of the wave function φ ( r) and χ( r) expressed in terms of the Jacobi polynomials. This problem is solved within the shortcut of the NU method introduced recently in [59 -64] . The relativistic solution can be reduced into the Schrödinger solution under the non-relativistic limit.
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Appendix A A Shortcut of the NU Method
The NU method is used to solve second-order differential equations with an appropriate coordinate transformation s = s(r) [34] ,
where σ (s) andσ (s) are polynomials, at most of second degree, andτ(s) is a first-degree polynomial. To make the application of the NU method simpler and direct without need to check the validity of solution, we present a shortcut for the method. So, at first, we write the general form of the Schrödinger-like equation (A.1) in a more general form applicable to any potential as follows [65, 67 -71] : Following the NU method [34] , we obtain the following necessary parameters [67, 68] . 
